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Abstract

We develop a characterization of fading models, which assigns a number called logarithmic Jensen’s
gap to a given fading model. We show that as a consequence of a finite logarithmic Jensen’s gap,
approximate capacity region can be obtained for fast fading interference channels (FF-IC) for several
scenarios. We illustrate three instances where a constant capacity gap can be obtained as a function of
the logarithmic Jensen’s gap. Firstly for an FF-IC with neither feedback nor channel state information
at transmitter (CSIT), if the fading distribution has finite logarithmic Jensen’s gap, we show that a
rate-splitting scheme based on average interference-to-noise ratio (¢mr) can achieve its approximate
capacity. Secondly we show that a similar scheme can achieve the approximate capacity of FF-IC with
feedback and delayed CSIT, if the fading distribution has finite logarithmic Jensen’s gap. Thirdly, when
this condition holds, we show that point-to-point codes can achieve approximate capacity for a class of
FF-IC with feedback. We prove that the logarithmic Jensen’s gap is finite for common fading models,
including Rayleigh and Nakagami fading, thereby obtaining the approximate capacity region of FF-IC

with these fading models.

I. INTRODUCTION

The 2-user Gaussian IC is a simple model that captures the effect of interference in wireless
networks. Significant progress has been made in the last decade in understanding the capacity
of the Gaussian IC [10], [6], [7], [21]. In practice the links in the channel could be time-varying
rather than static. Characterizing the capacity of FF-IC without CSIT has been an open problem.
In this paper we make progress in this direction by obtaining the capacity region of certain

classes of FF-IC without CSIT within a constant bits/s/Hz.

Shorter versions of this work appeared in [20], [19] with outline of proofs. This version has complete proofs. This work was
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A. Related work

Previous works have characterized the capacity region to within a constant gap for the IC
where the channel is known at the transmitter and receiver. The capacity region of the 2-user IC
without feedback was characterized to within 1 bit/s/Hz in [[7]]. In [21]], Suh and Tse characterized
the capacity region of the IC with feedback to within 2 bits/s/Hz. These results were based on
the Han-Kobayashi scheme [10], where the transmitters use superposition coding splitting their
messages into common and private parts, and the receivers use joint decoding. Other variants
of wireless networks based on the IC model have been studied in literature. The interference
relay channel (IRC), which is obtained by adding a relay to the 2-user interference channel (IC)
setup, was introduced in [17] and was further studied in [23]], [14]], [3], [9]. In [28], Wang and
Tse studied the IC with receiver cooperation. The IC with source cooperation was studied in
[L16], [29].

When the channels are time varying most of the existing techniques for IC cannot be used
without CSIT. In [8], Farsani showed that if each transmitter of FF-IC has knowledge of the inr to
the non-corresponding receivelﬂ the capacity region can be achieved within 1 bit/s/Hz. The idea
of interference alignment [S] has been extended to FF-IC to obtain the degrees of freedom (DoF)
region for certain cases. The degrees of freedom region for the MIMO interference channel with
delayed CSIT was studied in [26]]. Their results show that when all users have single antenna,
the DoF region is same for the cases of no CSIT, delayed CSIT and instantaneous CSIT. The
results from [22]] show that DoF region for FF-IC with output feedback and delayed CSIT is
contained in the DoF region for the case with instantaneous CSIT and no feedback. Kang and
Choi [11] considered interference alignment for the K-user FF-IC with delayed channel state
feedback and showed a result of ;—fQ DoF. They also showed the same DoF can be achieved
using a scaled output feedback, but without channel state feedback. Therefore, the above works
have characterizations for DoF for several fading scenrios, and also show that for single antenna
systems, feedback is not very effective in terms of DoF. However, as we show in this paper, the
situation changes when we look for more than DoF, and for approximate optimality of the entire

capacity region. In particular, we allow for arbitrary channel gains, and do not limit ourselves to

"For Tx1 the non-corresponding receiver is Rx2 and similarly for Tx2 the non-corresponding receiver is Rx1



SNR-scaling resultﬂ In particular, we show that though the capacity region is same (within a
constant) for the cases of no CSIT, delayed CSIT and instantaneous CSIT, there is a significant
difference with output feedback. When there is output feedback and delayed CSIT the capacity
region is larger than that for the case with with no feedback and instantaneous CSIT in contrast
to the DoF result from [22]]. This gives us a finer understanding of the role of CSIT as well as
feedback in FF-IC with arbitary (and potentially asymmetric) link strengths, and is one of the
main contributions of this paper.

Some simplified fading models have been introduced to characterize the capacity region of
the FF-IC in the absence of CSIT. In [27], Wang et al. considered the bursty IC, where the
presence of interference is governed by a Bernoulli random state. The capacity of one-sided
IC under ergodic layered erasure model, which considers the channel as a time-varying version
of the binary expansion deterministic model [2], was studied in [1l], [30]. The binary fading
IC, where the channel gains, the transmit signals and the received signals are in the binary
field was studied in [24], [25] by Vahid et al. In spite of these efforts, the capacity region of
FF-1C without CSIT is still unknown, and this paper presents what we believe to be the first
approximate characterization of the capacity region of FF-IC without CSIT, for a class of fading

models satisfying the regularity condition, defined as the finite logarithmic Jensen’s gap.

B. Contribution and outline

In this paper we first introduce the notion of logarithmic Jensen’s gap for fading models. This
is defined in Section [[II} as a number calculated for a fading model depending on the probability
distribution for the channel strengths. It is effectively the supremum of log (E [link strength]) —
E [log (link strength)] over all links and operating regimes of the system. We show that common
fading models including Rayleigh and Nakagami fading have finite logarithmic Jensen’s gap, but
some fading models (like bursty fading [27]) have infinite logarithmic Jensen’s gap. Subsequently
we show the usefulness of logarithmic Jensen’s gap in obtaining approximate capacity regions
of FF-ICs without CSIT. We show that Han-Kobayashi type rate-splitting schemes [10], [6],
[7], [21] based on inr, when extended to rate-splitting schemes based on E [inr] for the FF-

ICs, give the capacity gap as a function of logarithmic Jensen’s gap, yielding the approximate

2However, we can also use our results to get the generalized DoF studied in [7] for the FF-IC. This shows that for generalized

DoF, feedback indeed helps, as shown in our results.



capacity characterization for fading models that have finite logarithmic Jensen’s gap. Since our
rate-splitting is based on E [inr], it does not need CSIT. The constant gap capacity result is
first obtained for FF-IC without feedback or CSIT. We also show that for the FF-IC without
feedback, instantaneous CSIT cannot improve the capacity region over the case with no CSIT,
except for a constant gap. We subsequently study FF-IC with feedback and delayed CSIT to
obtain a constant gap capacity result. In this case, having instantaneous CSIT cannot improve
the capacity region over the case with delayed CSIT.

The usefulness of logarithmic Jensen’s gap is further illustrated by analyzing a scheme based
on point-to-point codes for a class of FF-IC with feedback, where we again obtain capacity gap
as a function of logarithmic Jensen’s gap. Our scheme is based on amplify-and-forward relaying,
similar to the one proposed in [21]]. It effectively induces a 2-tap inter-symbol-interference (ISI)
channel for one of the users and a point-to-point feedback channel for the other user. The work
in [21] had similarly shown that an amplify-and-forward based feedback scheme can achieve
the symmetric rate point, without using rate-splitting. Our scheme can be considered as an
extension to this scheme, which enables us to approximately achieve the entire capacity region.
Our analysis also yields a capacity bound for a 2-tap fading ISI channel, the tightness of the
bound again determined by the logarithmic Jensen’s gap.

The paper is organized as follows. In section [[I| we describe the system setup and the notations.
In section we develop the logarithmic Jensen’s gap characterization for fading models. We
illustrate a few applications of logarithmic Jensen’s gap characterization in the later sections:
in section by obtaining approximate capacity region of FF-IC without feedback, in section
by obtaining approximate capacity region of FF-IC with feedback and delayed CSIT, and in
section by developing point-to-point codes for a class of FF-IC with feedback.

II. MODEL AND NOTATION

We consider the two-user FF-IC

Yi(l) = gu()Xa(l) + ga1 () Xa(1) + Z1(1) ey
Ya(l) = g12(1) X1(1) + g22() X2 (1) + Z2(1) 2)
where Y;(l) is the channel output of receiver i (Rxi) at time [, X;([) is the input of transmitter

i (Txi) at time [, Z;(I) ~ CN(0,1) is complex AWGN noise process at Rxi, and g;;(1) is

the time-variant random channel gain. The channel gain processes {g;;(/)} are independent



across links (7, j) as well as over time. The transmitters are assumed to have no knowledge of
the channel gain realizations, but the receivers do have full knowledge of their corresponding
channels. We assume that the phase of g;;(1) is uniformly distributed in [0,27] , |g;;(1)|* is

distributed according to ¢;;, 7,7 € {1,2}, and ® := {¢;;} We assume average power

ijef1,2}*
constraint = > | IX;()|* < 1,i = 1,2 at the transmitters, and assume Tx: has a message
W; € {1,.,2V%}, for a block length of N, intended for Rxi for i = 1,2, and Wy, W, are
independent of each other. We denote SNR; := E [|gu|2} fori =1,2, and INR; := E [|gij|2}
for ¢ # j. For the instantaneous interference channel gains we use inr; := | gij\2, i # j. Note

that we allow for arbitrary channel gains, and do not limit ourselves to SNR-scaling results, but

get an approximate characterization of the FF-IC capacity region.

Zy ~ N(0.1)

Tx1

Tx2

Figure 1. The channel model without feedback.

Under the feedback model (Figure [2), after each reception, each receiver reliably feeds back
the received symbol and the channel states to its corresponding transmitter. For example, at
time [, Tx1 receives (Y1 (I —1),g11(Il —1),g21(I — 1)) from Rx1. Thus X (l) is allowed to be
a function of (W1, {Y1 (k), g11(k), g21(k)},-,)-

We define symmetric FF-IC to be a FF-IC such that g1; ~ goo ~ g4 and g12 ~ g21 ~ g, all of
them still being independent. Here g, and g. are dummy random variables according to which the
direct links and cross links are distributed. We denote SNR :=E || gdﬂ, and INR :=E || gc|2],
for the symmetric case.

We use the vector notation g = (911, 921]s 9, = (922, g12] and g = [g11, 921, G2, g12]. For

)N, where k is the user

schemes involving multiple blocks (phases) we use the notation X ,El
index, 7 is the block (phase) index and N is the number of symbols per block. The notation
X7 (j) indicates the j* symbol in the i block (phase) of k™ user. We explain this in Figure

Bl
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Figure 2. The channel model with feedback.

X,ff’)(j) : Notation for one symbol.

Block i—1 | Block i " Blocki+1

Userk L1 [ T TP T L Iv][ LTI T ] 1]
< » 1L 2... :
Blocklength N ‘

\/

X,ii)N : Notation for the N symbols of the block taken together.

Figure 3. The notation for schemes involving multiple blocks (phases).

The natural logarithm is denoted by In () and the logarithm with base 2 is denoted by log ().
Also we define log™(+) := max (log(+), 0). For obtaining approximate capacity region of ICs, we
say that a rate region R achieves a capacity gap of ¢ if for any (R, Ry) € C, (R; — 6, Rs — ) €

R, where C is the capacity region of the channel.

III. A LOGARITHMIC JENSEN’S GAP CHARACTERIZATION FOR FADING MODELS

Definition 1. For a given fading model, let ® = {¢ : |gij]2 ~ ¢, for some i, j € {1,2}} be the
set of all probability distributions, that the fading model induce on the channel link strengths
| gij|2, across all operating regimes of the system. We define logarithmic Jensen’s gap cjq of the

fading model to be

cig= _sup  (log(a+E[W])—Ellog(a+W)]). 3)

a€Rt W~ped



In other words it is the smallest value of ¢ such that
log (a + E[W]) — Ellog (a + W)] <¢, 4)

for any a > 0, for any ¢ € ®, with W distributed according to ¢.

The following lemma converts requirement in Definition 1| to a simpler form.

Lemma 2. The requirement log (a + E [W]) — E [log (a + W)] < ¢ for any a > 0, is equivalent
to log (E [W]) — E[log (W)] = —E [log (W")] < ¢, where W' = %

E[W]

Proof: We first note that letting a = 0 in the requirement log (a + E [W])—E [log (a + W)] <
c shows that log (E [W]) — E [log (W)] = E [log (W’)] > —c is necessary.
To prove the converse, note that £ (a) = log (a + E [W])—E [log (a + W)] > 0 due to Jensen’s

inequality. Taking derivative with respect to a and again using Jensen’s inequality we get

, B 1
<1“2>5<“>—MTW—EL+W

Hence ¢ (a) achieves the maximum value at ¢ = 0 in the range [0,00). Hence we have the

} <0. (&)

equivalent condition

log (E[W]) = Elog (W)] < ¢, (6)

which is equivalent to
— Ellog (W) <. )
|

Hence it follows that for any distribution that has a point mass at 0 (for example, bursty inter-
ference model [27]]), we do not have a finite logarithmic Jensen’s gap, since it has E [log (W')] =
—o00. Now we discuss a few distributions that can be easily shown to have a finite logarithmic
Jensen’s gap. Note that any finite ¢, which satisfies Equation (), is an upper bound to the

logarithmic Jensen’s gap c¢.

A. Gamma distribution

Gamma distribution generalizes some of the commonly used fading models, including Rayleigh

and Nakagami fading. The probability density function for Gamma distribution is given by
whle—%

CORD(K)

for w > 0, where k£ > 0 is the shape parameter, and 6 > 0 is the scale parameter.

f(w) = (8)



Proposition 3. If the elements of ® are Gamma distributed with shape parameter k, they satisfy

Equation () with constant ¢ = log(e) _ log (1 + i) for any 0 < a < k.

[0}

Proof: Using Lemma [2| it is sufficient to prove log (E[W]) — E[log (W)] < & _

[0

log (1+ 5=). It is known for the Gamma distribution that E[W] = kf and E[In(W)] =
¥ (k) +1n (@), where v is the digamma function. Therefore

log (E[W]) — E [log (W)] = log(e) (In (k) — ¢ (k) ©)

We first use the following property of digamma function

1
b (k) =v(k+1) -, (10)
and then use the inequality from [4]]
1n(k+%)<w(k+1)<1n(k+e7). (11)

Hence

log (E[W]) — E [log (W)] < log(¢) (ln (k) — In (’f + %) * %)

= log (¢) — log <1 + i) : (12)
o} 2a

The last step follows because the function involved is decreasing in & in the range (0, c0) and

since it is assumed 0 < o < k. [ ]

Corollary 4. If the elements of ® are are exponentially distributed (which corresponds to

Rayleigh fading), they satisfy Equation with constant ¢ = (.86.

Proof: In Rayleigh fading model the | gij|2 is exponentially distributed. The exponential

distribution itself is a special case of Gamma distribution with & = 1 . Substituting o = 1 in
we get log (E [W]) — E [log (W)] > —0.86. [
Nakagami fading can be obtained as a special case of the Gamma distribution; in this case

the logarithmic Jensen’s gap will depend upon the parameters used in the model.

B. Weibull distribution

The probability density function for Weibull distribution is given by

f(w) = E (E)k_l e~ (W/N)* (13)



for x > 0 with £, A > 0.

Proposition 5. If the elements of ® are Weibull distributed with parameter k, they satisfy
Equation @) with ¢ = ﬂng(e) +log (F (1 + é)) for any 0 < o < k, where vy is Euler’s constant.

Proof: For Weibull distributed W, we have E [W] = AT’ (1 + 1) and E [In (W)] = In (\) -7,
where I' () denotes the gamma function and + is the Euler’s constant. Hence for 0 < a < k, it

follows that
log (E [W]) — E [log (W)] < ﬂ%‘g(e) +log <r (1 + é)) . (14)

Using Lemma |2| concludes the proof. [ ]
Note that exponential distribution can be specialized from Weibull distribution as well, by

setting k = 1. Hence we get the tighter gap in the following corollary.

Corollary 6. If the elements of ® are exponentially distributed, they satisfy Equation () with

constant ¢ = 0.83.

In the following table we summarize the values we obtain as upper bound on logarithmic

Jensen’s gap, according to Definition [I] and Equation () for different distributions.

Table 1

UPPER BOUND OF LOGARITHMIC JENSEN’S GAP FOR DIFFERENT DISTRIBUTIONS

Fading Model‘ c ‘

Rayleigh 0.83
Gamma k=1 | 0.86
Gamma k =2 | 0.40
Gamma k=3 | 0.26
Weibull k =1 | 0.83
Weibull £k =2 | 0.24
Weibull £ =3 | 0.11

C. Other distributions

Here we give a lemma that can be used together with Lemma [2] to verify whether a given

fading model has a finite logarithmic Jensen’s gap.



Lemma 7. If the cumulative distribution function F (w) of W satisfies F (w) < aw® over
w € [0,¢€| for some a >0, b >0, and 0 < € < 1, then

CLEb

EIn (W)] > In () + ae’In (e) — - (15)

Proof: The condition in this lemma ensures that the probability density function f(w) grows
slow enough as w — 0~ so that f(w)In (w) is integrable at 0. Also the behavior for large values
of w is not relevant here, since we are looking for a lower bound on E [In (W)]. The detailed
proof is in Appendix [ |

Hence if the cumulative distribution of the channel gain grows polynomially in a neighborhood
of 0, the resulting logarithm becomes integrable, and thus it is possible to find a finite constant
c for the Equation (@).

In the following sections we make use of the logarithmic Jensen’s gap characterization to

derive approximate capacity results for FF-ICs.

IV. APPROXIMATE CAPACITY REGION OF FF-IC WITHOUT FEEDBACK

In this section we make use of the logarithmic Jensen’s gap characterization to obtain the

approximate capacity region of FF-IC with neither feedback nor CSIT.

Theorem 8. For a non-feedback FF-IC with a finite logarithmic Jensen’s gap c;c , the rate

region Ryrp described by (16al) — (16g|) is achievable with )\, = min <ﬁ, 1):

Ry <E[log (1+]g11> + A2 |ga[*)] — 1 (16a)
Ry < E[log (1 + |g22” + Apa [g12)F)] — 1 (16b)
Ry + Ry <E[log (1+ |gl” + [g22")] +E [log (1+ Apa lgul* + A2 lgn )] =2 (16¢)
Ry + Ry < E[log (1+ [gu1|* + |g21*)] + E [log (1 + N2 |ga2]® + Nt |g12]*)] =2 (16d)
Ry + Ry < E [log (1+ M\ [gu] + [g21%)] +E [log (14 N2 |goa]* + [g12]7)] =2 (16e)
2Ry + Ry <E[log (1 + [gn|* + [ga1]*)] +E [log (1 + Ao [ge2]” + |g12]%)]
+E [log (1 + M\t g1 + Az g [*)] — (16f)
Ry + 2Ry < E [log (1+ |g2l” + |g12/*)] + E [log (1+ A [gua|* + g1 *)]
+E [log (14 Ao |geal” + At [912]°) ] — (16g)



and the region Rypp has a capacity gap of at most c;c + 1 bits/s/Hz.

Proof: This region is obtained by a rate-splitting scheme that allocates the private message
power proportional to m. The analysis of the scheme and outer bounds are similar to that in

[7]. See subsection for details. n

Corollary 9. Instantaneous CSIT cannot improve the capacity region of the FF-IC except by a

constant.

Proof: Our outer bounds in subsection [[V-B| for the non-feedback IC allow for instantaneous
CSIT at the receivers. These outer bounds are within constant gap of the rate region Ryrp

achieved without CSIT. Hence the proof. [ ]

Corollary 10. Delayed CSIT cannot improve the capacity region of the FF-IC except by a

constant.

Proof: This follows from the previous corollary, since instantaneous CSIT is always better

than delayed CSIT. [ ]

Remark 11. The previous two corollaries are for FF-IC with 2 users and single antennas. It does
not contradict the results for MISO broadcast channel, X-channel, MIMO IC and multi-user IC
where delayed CSIT or instantaneous CSIT can improve capacity region by more than a constant

(12], [13], [110], [15], [26].

Corollary 12. Within a constant gap, the capacity region of the FF-IC without feedback is
same as the capacity region of IC (without fading) with equivalent channel strengths SN R; :=
E Ug”ﬂ fori=1,2 and INR; .= E [|gij|2} for i # 7.

Proof: This is an application of the logarithmic Jensen’s gap result. The rate region of
non-feedback case in given in Equations to (16g) can be reduced to the rate region for a
channel without fading. Let R\ 5 be the approximately optimal Han-Kobayashi rate region of
IC [[7] with equivalent channel strengths SN R; := E Ug”ﬂ fori =1,2,and INR; :=E [\gijﬂ

for i # j. Then for a constant ¢ we have
~Nrp 2 Rnpe 2 Rypp — ¢ (17)

This can be verified by proceeding through each inner bound equation.For example, consider the



first inner bound Equation Ry < E [log (1+] gul” + A\ | g21|2)] — 1. The corresponding
equation in Ry pp is Ry <log(1+ SNR; + A\pINR;) — 1. Now

(a)
log (1 +SNRy + ApINRy) — 1 < E [log (14 |gu1|* + A2 g2 ]*)] — 1 (18)

b
S (lOg(l + SNPL1 + )\I;QINRl) - 1) - 2CJG’ (19)

—~
=

where (a) is due to Jensen’s inequality and (b) is by applying logarithmic Jensen’s gap result
twice. Due to (18)), (19) it follows that the first inner bound equation for fading case is in constant
gap with that of static case. Similarly by proceeding through each inner bound equation, it follows

that

/ / /
nre © Rnrp © Riypp — ¢

for a constant . [ ]

A. Discussion

It is useful to view Theorem [§]in the context of the existing results for the ICs. It is known that
for ICs, one can approximately achieve the capacity region by performing superposition coding
and allocating a power to the private symbols that is inversely proportional to the strength of
the interference caused at the unintended receiver. Consequently, the received interference power
is at the noise level, and the private symbols can be safely treated as noise, incurring only a
constant rate penalty. At first sight, such a strategy seems impossible for the fading IC, where
the transmitters do not have instantaneous channel information. What Theorem [§] reveals (with
the details in subsection is that if the fading model has finite logarithmic Jensen’s gap, it
is sufficient to perform power allocation based on the inverse of average interference strength to
approximately achieve the capacity region.

We compare the symmetric rate point achievable for the non-feedback symmetric FF-IC in
Figure 4] The fading model used is Rayleigh fading. The inner bound in numerical simulation is
from Equations (20a)) to (20g) in subsection [[V-B| according to the choice of distributions given
in the same subsection. The outer bound is plotted by simulating Equations to (24g) in

subsection [[V-Bl The SN R is varied after fixing llgg((é%g)) The simulation yields a capacity gap

of 1.48 bits/s/Hz for o« = 0.5 and a capacity gap of 1.51 bits/s/Hz for a = 0.25. Our theoretical

analysis for FF-IC gives a capacity gap of c;g + 1 < 1.83 bits/s/Hz independent of «, using
data from Table [[ in Section
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Figure 4. Comparison of outer and inner bounds with given o =

Toa(SNE) for non-feedback symmetric FF-IC at the symmetric

rate point. For high SNR, the capacity gap is approximately 1.48 bits/s/Hz for o« = 0.5 and 1.51 bits/s/Hz for o = 0.25 from

the numerics. Our theoretical analysis yields gap as 1.83 bits/s/Hz independent of «.

B. Proof of Theorem [§|

From [6]] we obtain that a Han-Kobayashi scheme for IC can achieve the following rate region
for all p (uy) p (uz) p (z1|u1) p (z2|us). Note that we use (Y7, g;) instead of (;) in the actual result

from [6] to account for the fading.

< I (X1;Y1,01|0s) (20a)

< I (X2;Ya, g2|Un) (20b)

Ri+ Ry <1 (X5, U1;Ya,9) + 1 (X1: Y1, g1|Ur, Ua) (20c)
Ri+ Ry < I(X1,UpY1,01) +1 (X2 Y2, g2|Us, Us) (20d)
Ri+ Ry < I (X1,Up Y1, 1|UL) + 1 (X5, Us; Ya, go|Us) (20e)
2Ry + Ry < I (X1,Up; Y1, 1) + I (X1; Y1, 01|Us, Us) + I (X3, Uy Ya, g2|Us) (20f)
R+ 2Ry <1 (X5,U1;Ya,92) + 1 (Xo;Ya, 92| Ur, Uz) + I (X1, Us; Y1, 91| Un) - (20g)

Now similar to that in [7]], choose the Gaussian input distribution

Uy ~CN (0, M), Xpp ~CN (0, 00),  ke{l,2} 1)



Xi=U+Xn (22)
Xo=Us+ Xpp (23)

where A + Ay = 1 and Ay, = min <ﬁ, 1). Here we introduced the rate-splitting using
the average inr. On evaluating the region described by — with this choice of input
distribution, we get the region described by — ; the calculations are deferred to
Appendix

Claim 13. An outer bound for the non-feedback case is given by (24al) — (24¢)

Ry < E [log (1+ |gu|")] (24a)
Ry <E [log (1 + |gel”)] (24b)
2 2 [ ‘911|2 ]
Ri+ Ry <E [log (1 + |g22|” + | g12| )] +E|log |1+ —— (24¢)
i 1+ [gi12|" / |
2 2 [ ‘922|2 ]
Ri+ Ry <E[log (14 |gu1]” + |g2a]")] + E [log | 1 + ——— (24d)
i 1+ [gal" /|
2 |g11|2 2 |g22|2
Ry + Ry <E |log 1—|—‘921| +— + E |log 1—|—|912| +— (24e)
1+ |gia| 1+ | g2

2R, + Ry < E [log (1+ [gul* + ga]*)] + E

2
log {1+ |g12|2 + WLU
1+ |ga|

2
E [log 14+ 19l (241)
L+ |g1a]
2 2 2 ’911|2
Ri+2R; <E [log (1 + |g22|” + | 912| )] +E |log | 1+ |ga1|"+ ———=
1+ |g12]
+E |log 1+—’922|2 (24g)
1+ |gon|”

Proof: The outer bounds (24a) and (24Db) are easily derived by removing the interference
from the other user by providing it as side-information.

The outer bound in Equation follows from [7, Theorem 1]. Those in Equation (24f) and
Equation (@) follow from [7, Theorem 4]. We just need to modify the theorems from [7] for
the fading case by treating (Y;, Qi) as output, and using the i.i.d property of the channels. We
illustrate the procedure for Equation (24g) in Appendix [C] Equation (24¢) and Equation (24f)

can be derived similarly.



The derivation of outer bounds (24c) and (24d) uses similar techniques as for Equation (24g)).
We derive Equation (24d) in Appendix [C} Equation (24d) follows due to symmetry. [

Claim 14. The gap between the inner bound ([L16al) — (16g) and the outer bound (24a) — (244)

for the feedback case is at most c;g + 1 bits/s/Hz.

Proof: The proof for the capacity gap uses the logarithmic Jensen’s gap property of the
fading model. Denote the gap between the first outer bound (24af) and first inner bound (164l

by 61, 02 for the second pair and so on. By inspection 9; < 1 and J, < 1. Now

2
03 =E [log | 1+ Lb —E [log (1 + Ap lg11|* + Apo |921|2)} +2 (25)
1+ [g12]
O fog (14 ol —E [log (14 A |gn[*)] +2 + cre (26)
- 1+INR, P
(b)
<2+cye 27

The step (a) follows from Jensen’s inequality and logarithmic Jensen’s gap property of |gio|”.

Similarly we can bound the other

The step (b) follows because \,; = min (ﬁ, 1) > TR

0’s and gather the inequalities as:

01,00 <1 (28)
03,04 < 24 cyqg (29)

05 < 2+ 2¢y¢ (30)
06,07 < 3+ 2¢ya (31)

For 5, 06, and 7 we have to use the logarithmic Jensen’s gap property twice and hence 2c¢;q
appears. We note that J; is associated with bounding Ry, do with Ra, (03,04, 05) with Ry + Ry,
d¢ with 2Ry + R, and 07 with Ry + 2R,. Hence it follows that the capacity gap is at most

max (51,52,%3,%4,%5,%,%) < cjg + 1 bits/s/Hz. [ |

V. APPROXIMATE CAPACITY REGION OF FF-IC WITH FEEDBACK

In this section we make use of the logarithmic Jensen’s gap characterization to obtain the
approximate capacity region of FF-IC with output and channel state feedback, but transmitters
having no prior knowledge of channel states. Under the feedback model, after each reception,

each receiver reliably feeds back the received symbol and the channel states to its corresponding



transmitter. For example, at time [, Tx1 receives (Y7 (I —1),911(l —1),921(l — 1)) from Rxl1.
Thus X;(l) is allowed to be a function of (Wy,{Y (k),gi1(k),g21(k)},;). The model is

described in section [[I] and is illustrated with Figure [2] in the same section.

Theorem 15. For a feedback FF-IC with a finite logarithmic Jensen’s gap cj¢ , the rate region
Rrp described by (32d) — (32f)) is achievable for 0 < |p|> < 1 with \,;, = min (ﬁ, 1-— |p|2>:

Ry <E [log (lgn|* + |gz1]” + 2 |p|* Re (91193,) + 1)] — (32a)
Ry <E[log (1+ (1—1p*) |gi2*)] +E [log (1 + Xt [gu]* + Ao [g2a?)] =2 (32b)
Ry < E [log (|ga2l” + lgnal” + 2 |p|* Re (g55912) + 1)] — (32¢)
Ry <E[log (1+ (1= 1p*) lg21]*)] + E [log (1 + Az |g2al* + My [912]7)] — (32d)

Ry + Ry < E[log (|922’ + 1g12)* + 2|p” Re (g30910) + 1)]
+E [log (14 Apt lgu|” + A2 lgm[*)] — 2 (32¢)

Ry + Ry < E [log (|gu|? + |g21” + 2 [p|* Re (g1195,) + 1)]
+E [log (14 Apa |goal” + At 1912[*)] — 2 (32f)

and the region Ryrp has a capacity gap of at most c;j + 2 bits/s/Hz.
Proof: The proof is in subsection [ |

Corollary 16. Instantaneous CSIT cannot improve the capacity region of the FF-IC with feedback
and delayed CSIT except for a constant.

Proof: Our outer bounds in subsection [V-A] allow for feedback and instantaneous CSIT at
the receivers. These outer bounds are within constant gap of the rate region ‘R rp achieved using

only feedback and delayed CSIT. Hence the proof. [ ]

Corollary 17. Within a constant gap, the capacity region of the FF-IC with feedback and delayed

CSIT is same as the capacity region of a feedback IC (without fading) with equivalent channel
strengths SNR; :=E [|gu|2} fori=1,2, and INR; .= E [|gz~j|2} for i # j.

Proof: This is again an application of the logarithmic Jensen’s gap result. The proof is given

in Appendix D] [ |



A. Proof of Theorem

Note that since the receivers know their respective incoming channel states, we can view the
effective channel output at Rx: as the pair (Yi, g_]i>. Then the block Markov scheme of [21,

Lemma 1] implies that the rate pairs (R;, Rs) satisfying

Ry <I(U.Us, X131, 91) (33a)

Ry <1 (Uy;Ye, g2|U, Xo) + I (X131, 1|Us, Us, U) (33b)

Ry < I (U, Uy, X2; Y2, gs) (33c)

< I(Uy Yy, qi|U, X1) + I (Xo;Ya, ga2|Us, U, U) (33d)

Ri+ Ry <I(X1;Y1,q1|U1, Us, U) + I (U, Uy, Xo; Yz, g2) (33e)
Ry + Ry < I (X3;Y2,|U1, Uz, U) + 1 (U, Us, X1:Y1, g1) (33f)

for all p (u) p (u1|u) p (uz|w) p (x1|uy, u) p (x2|us, u) are achievable. We choose the input distri-

bution according to

U ~CN (0,]p]*) , Uy ~ CN (0, \t) , Xpie ~ CN (0, M) (34)
Xi=U+U+Xu (35)
Xo=U+Uy+ X (36)

with 0 < [p> < 1, Ak + A = 1 — |p|® and Ay = min (ﬁ 1 |p|2>.

With this choice of \,; we perform the rate-splitting according to the average inr in place of
rate-splitting based on the constant ¢nr. On evaluating the terms in — for this choice
of input distribution, we get the inner bound described by — ; the calculations are
deferred to Appendix [E]

An outer bound for the feedback case is given by — with 0 < |p| < 1:

Ry <E [log (|g11]* + |g21” + 2Re (pgr195,) + 1)] (372)

log (1 L 1P lonP )] a7b)
1+ (1 - ‘0‘2) |912|2

Ry < E [log (|gaa|* + |g1af* + 2Re (pg55912) + 1)] (37¢)

2 2
log <1 o (L= 1pl) lg= )] (37d)

+(1- |P|2) g1 |?

Ry <E[log (1+ (1 |of*) lgno’)] + E

Ry <E[log (1+ (1—1p*) lgz1*)] + E




R+ Ry, <E [log (|922|2 + |912|2 + 2Re (pg39912) + 1)}

+E —log (1 N Gl A ) (37¢)
i 14+ (1~ |P|2) |g1a” |
)]

Ry + R, < E [log (|911|2 + |ga1|* + 2Re (pgi1g3,) +
_ e N
CE |log (14 017 )2’922| 21 (370
I L4+ (1= o) lg21]” ) |

The outer bounds can be easily derived following the proof techniques from [21, Theorem 3]

—_

using E [X; X;] = p, treating (Y;, gi> as output, and using the i.i.d property of the channels.
The calculations are deferred to deferred to Appendix [F|

Claim 18. The gap between the inner bound (32a)) — (32f]) and the outer bound (37al) — (37 f))

for the feedback case is at most ¢ + 2 bits/s/Hz.

Proof: Denote the gap between the first outer bound and inner bound by 9, for the second

pair denote the gap by d,, and so on. We have

81 = E [og (|g11|* + g1 |* + 2Re (pgiigs) + 1)]

—E [log (|gn|* + |g21]” + 2 |pl” Re (g1195,) +1)] + 1 (38)

—
=

a

“E [log (’911\2 + |921|2 + 2|g11| |g21| |p| cos (0) + 1)}

—E [log (lgn|* + lg21|* + 2 |gn| g1 | [ o] cos (6) + 1)] +1 (39)
2 2
Ok | 10g (1 + lgnl* + [gaa*)” + \/(1 +1gul* + lga1*)” = 2ol lg11] g21])* .
2 2 2
(1+1gul* + lgal*)” + \/(1 +lgul* +1gnl*)” = (210" g1 lg21)
(40)
()
<1 (41)

where (a) is because phases of g1, g2 are independently uniformly distributed in [0, 27| yielding
Re (g11931) = |g11| |go1| cos (8) with an independent 6 ~ Unif [0, 27], (b) is using the fact that
for p > q 5 fo% log (p + qcos (0)) dO = log (H\/TPQ—CIQ) and (c) is because the numerator in
the fraction is less than the denominator.

Now we consider the gap J, between the second inequality of the outer bound and the
second inequality of the inner bound.

2 2
log <1+1 (1= 1pl*) lgn| )

+ (1 - ‘P‘Q) |g12|?

52 =E —E |:10g (1_'_)\}71 ’911‘2+>\p2 |g21’2>:| +2 (42)




(a)
<E[log (1+ (1= [pf) INRy + (1 — |p[*) lgu]?)] —log (1 + (1 — [p|*) INRy) + cyq

—E [log (1 4+ A 91| + Ap2 |921|2)] +2 (43)
< B [log (14 L= 1D Lol —E [log (1+ A lgn[?)] + 2+ e (44)
- 1+ (1—[p*) INR,
0
<2+ cro (45)

where (a) follows by using logarithmic Jensen’s gap property on |gi2|* and Jensen’s inequality.

The step (b) follows because

(1= 1ol) - L < min (L 1— W) — A (46)
1+ (1=|p[) INRy 1z +INR — INR,’ P
Similarly by inspection of the other bounding inequalities we can gather the inequalities on the
J’s as:
61,03 < 1 (47)
02, 04, 05,06 < CjG + 2 (48)

We note that (d7,0,) is associated with bounding Ry, (d3,94) with Ry, (05,0¢) with Ry + Rs.
Hence it follows that the capacity gap is at most max (1, 02, 03, 04, &, %) < ¢y + 2 bits/s/Hz.
[ |

VI. APPROXIMATE CAPACITY OF FEEDBACK FF-IC USING POINT-TO-POINT CODES

As the third illustration for the usefulness of logarithmic Jensen’s gap, we propose a strategy
that does not make use of rate-splitting, superposition coding or joint decoding for the feedback
case, which achieves the entire capacity region for 2-user symmetric FF-ICs to within a constant
gap. This constant gap is dictated by the logarithmic Jensen’s gap for the fading model. Our
scheme only uses point-to-point codes, and a feedback scheme based on amplify-and-forward
relaying, similar to the one proposed in [21].

The main idea behind the scheme is to have one of the transmitters initially send a very
densely modulated block of data, and then refine this information using feedback and amplify-
and-forward relaying for the following blocks, in a fashion similar to the Schalkwijk-Kailath
scheme [18]], while treating the interference as noise. Such refinement effectively induces a

2-tap point-to-point inter-symbol-interference (ISI) channel at the unintended receiver, and a



20

point-to-point feedback channel for the intended receiver. As a result, both receivers can decode
their intended information using only point-to-point codes.

Consider the symmetric fading interference channel, where the channel statistics are sym-
metric and independent, i.e., g;;(I) ~ g4 and g¢;;(I) ~ g., for i # j. We consider n trans-
mission phases, each phase having a block length of N. For Tx1, generate 2"V%: codewords
<X1(1)N, . ,Xl(")N) i.i.d according to CA (0, 1). Tx1 encodes its message W, € {1,... 2"V}
onto (XI(I)N, . ,X{")N> . For Tx2, generate 2"V*2 codewords X\"" = X i.i.d according to
CN (0,1) and let it encode its message W» € {1,...,2""" 2} onto XN = XN Note that for
Tx2 the coding block length is /N, whereas it is n/N for Tx1.

Tx1 sends Xfi)N in phase ¢. Tx2 sends Xél)N = X2 in phase 1. At the beginning of phase

1 > 1, Tx2 receives

Y2(z‘—1)N _ géiz—nNXQ(i—nN n g§z’2—1)NX£i—1)N n Zéi—l)N (49)
from feedback. It can remove géQ 1)NX (=UN from YQ(FD to obtain g%’ 1)NX (=N Zéiil)N.
Tx2 then transmits the resulting interference-plus-noise after power scaling as X2( , 1.e.

‘ (i=O)N 5 (i=1)N |, (i=1)N
XQ(Z)N 912 1 + 2 (50)

V1+INR
Thus in phase ¢ > 1, Rx2 receives
Y(l) g(l) X() + ggl)Nx() + Z() (51)
(i—1)N - (i—1)N (i—1)
aN [ 9 X + 2 HN ()N )N

- (B A s o

and feeds it back to Tx2 for phase 7 + 1. The transmission scheme is summarized in Table

Note that for phase ¢ = 1 Tx1 receives
Y1(1)N _ ggll)NX{I)N n g(l)NX(l)N n Z(l)N (53)

and for phase 7 > 1 Tx1 observes a block ISI channel since it receives

i—1)N i—1)N i—1)N
yON _ gON xON | N PP S o L N (54)
1 11 21 11 INE 1
(BN 3 ()N 9%11) 952_1)N (—1)N | 5(i)N
=g X\ A | T | X+ 2 55
g1 1 11 INE 1 1 (35

(i) N 1)N

~ (i
where ZN = ZON ”lfﬁ.
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Table 11

TRANSMITTED SYMBOLS IN nn-PHASE SCHEME FOR SYMMETRIC FF-IC WITH FEEDBACK

’ User ‘ Phase 1 ‘ Phase 2 ‘ . ‘ . ‘ Phase n
(HN (2)N (n)N
1 X3 X3 . X,
5 PO, gg)leu)NJngl)N g;;—l)inn—l)N+Z§n—l)N
2 1+INR . . VIFINR

At the end of n blocks, Rx1 collects Y, = (Yl(l)N, o ,Yl(n)N and decodes W such that

(XY (W1), YY) is jointly typical (where X;" = (Xl(l)N, . ,an)N>) treating Xél)N =Xy

as noise. At Rx2, channel outputs over n phases can be combined with an appropriate scaling
so that the interference-plus-noise at phases {1,...,n — 1} are successively canceled, i.e., an

- N :
effective point-to-point channel can be generated through ;¥ =370, ( [T7_,1 7%= v,

(see the analysis in the subsection for details). Note that this can be viewed as a block
version of the Schalkwijk-Kailath scheme [[18] (and the references therein). Given the effective
channel f/QN , the receiver can simply use point-to-point typicality decoding to recover W5, treating

the interference in phase n as noise.
Theorem 19. For a symmetric FF-IC with a finite logarithmic Jensen’s gap cjc , the rate pair

2
log* [ 94 )

Ri,Ry) = (log(1+ SNR+ INR) — 3cjq — 2,E
is achievable by the scheme. The scheme together with switching the roles of users and time-

sharing, achieves the capacity region of symmetric feedback IC within 3c;q + 2 bits/s/Hz.

Proof: The proof follows from the analysis in the following subsection. [ ]

A. Analysis of Point-to-Point Codes for Symmetric FF-ICs

We now provide the analysis for the scheme, going through the decoding at the two receivers
and then looking at the capacity gap for the achievable region.

1) Decoding at Rx1 : At the end of n blocks Rx1 collects Y,V = (Yl(l)N, . .Yl(")N) and
decodes W/ such that (XlN (W) ,YlN) is jointly typical, where X, = (Xfl)N, .. .Xl(")N>.

The joint typicality is considered according the product distribution p"v (X;,Yy), where

» (X1, Y1) =p ((X{”, N .X§">) , (Yl(l), o Yf’”)) (56)
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is a joint Gaussian distribution, dictated by the following equations that arise from our n-phase

scheme:
VO = DX 4 X 4 2 &)
And for i =2,3,...,n:

, o D x ) D) '
y® _ 0 x @) + () [ 912 1 2 X A% 53
1 911\ 921 1T INR 1 (58)

with Xfi), X2(1), Zfi) being i.i.d CA (0, 1). Essentially Xél), Z{i) are both Gaussian noise for Rx1.
Using standard techniques it follows that for the n-phase scheme as N — oo user 1 can
|7, ()]

|KY1|X1(n)’
matrix for the the n-phase scheme defined in the following pattern

achieve the rate 1 [E {log } where | Ky, (n)| denotes the determinant of covariance

Ky, (1) = [1+ lgu (O + lg21 (1)

2 g1 (lgrz(V)*+1 11(1)g21(2)g12(1)
Ky, (2) = lg11 ()" + 1-§-INR ) +1 T \m
2055 g1 fou (OF + lgzr (D +1
2 ‘921(3)|2(\912(2)\2+1) 911(2)g21(3)g12(2)
lg11 (3)]” + 14INR +1 © VI+tINR 0
. . 2 2 .
Ko 3) = g o @ + 2 o20P ) ) g
0 g1 ga a1, (1) lg11 (D) + |g21 (D)2 + 1

VI+INR
where g1 (i) ~ g4 i.i.d and g1 (i), 921 (1) ~ g. i.i.d. Letting n — oo, Rx1 can achieve the

rate By = lim 1E {log (M)} We need to evaluate lim *E {log (L(n”)‘)} The

n—00 ’KYl\Xl (")’ n—00 ‘KYl\Xl (n
following lemma gives an lower bound on 1E [log (| Ky, (n)])].

Lemma 20.
LE flog (|, (m)])] 2  log (|, ()]) — 3es6
n n
where Ky, (n) is obtained from Ky, (n) by replacing g2 (i)’s,go1 (i)’s with VINR and g1, (i)’s

with v SNR.

Proof: The proof involves expanding the matrix determinant and repeated application of
the logarithmic Jensen’s gap property. The details are given in Appendix [ ]

Subsequently we use the following lemma in bounding lim %log (‘K’Yl (n) D
n—oo
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(ja] b 0 0
la|] b 0O
la| b b* la] b 0
Lemma 21. IfAl = [|a|] ,AQ = ,Ag = b* |CL| b ,A4 =
b*  al 0 b la| b
0 b |af
| 0 0 b |af
etc. with |a|”> > 4|b|?, then
o] la|
1 f—1log (|A,]) >1 — .
iminf —log (|4]) = og(Q)
Proof: The proof is given in Appendix [ ]

For the n-phase scheme, the ‘Kyl (n)‘ matrix has the form A, as defined in Lemma 21| after

identifying |a| =14+ INR+ SNR and b = —%. Note that with this choice |a|” > 4 [b|”

holds due to AM-GM (Arithmetic Mean > Geometric Mean) inequality. Hence we have

lim inf 2 log (| v, o)) 210g(1+[NR+SNR) (59)

n—oo M, 2

using Lemma 21} Also, Ky, |x,(n) is a diagonal matrix of the form

K (n) — dlag |g21 (n)’2 + 1 ’921 (n - 1>|2 + 1 |921 (2>’2
YilXa 1+INR ' 1+INR " 14 INR

+1, g0 (1)]* + 1) (60)

Hence using Jensen’s inequality

lim sup—E [log (| Ky, x,(n)])] < limsu Liog (M n_1(1+INR) (61)
OB TG = e B\ 1+ 1NR
INR
<1 (63)

Hence by combining Lemma [20] Equation (59) and Equation (63, we get
Ry <log(1+INR+ SNR) — 3c,c — 2 (64)

is achievable.

2) Decoding at Rx2 : For user 2 we can use a block variant of Schalkwijk-Kailath scheme
[18]] to achieve Ry = E [long <%>} The key idea is that the interference-plus-noise sent
in subsequent slots can indeed refine the symbols of the previous slot. The chain of refinement
over n phases compensate for the fact that the information symbols are sent only in the first
phase. We have

VN = gV X+ gty VX (O 2N (65)




24

and

' . (i=DN  (=DN | 7G=1N ' ‘ .
Yz(z)N _ gg;)N (912 11+ — 2 > + g%zz)NXY)N 4 Zéz)N (66)

N _ no =gV )y 0N
for i > 1. Now let Y;¥ = 377 [T T ) Yoo - We have

n n @GN
” —3G29 (i)N
YN = E | | —=f |V 67
& (MH \/1+INR> 2 ©7)

(n—=1)N y~(n—1)N (n—1)N
_ g (912 Xy t 25 4 N Y (N N
VI+INR

n)N n—2)N n—2)N n—2)N
—922) 953—1)1\/ 9§2 : Xf ) + Zé ) n gg—l)NXl(n 1N Z(n N
vV1+INR VvV1+INR

n—3 n—3)N n—3)N
n 922 9% N P St b g N XN 2N
1+INR 22 VIt INR 12 1 2

+

:]:

(o) (s . 27) @

V1+INR

—e L

J
1N —3Go9 (n)N v (n)N (n)N

= 722 | XN + X +Z . 69

922 (; 11 INR INR) 2 J12 1 2 (69)

due to cross-cancellation. Now Rx2 decodes for its message from }72N . Hence Rx2 can achieve

IOg 1+ |922 )|2 |922 (1)|2 (70)
s LHINR | 1+ |gis (n)[?

where goo (1), ..., 922 (n) ~ gq being i.i.d and g;2 (n) ~ g.. Hence it follows that
10g+ ‘gd’2
1+INR

3) Capacity gap: We can obtain the following outer bounds from Theorem [I3] for the special

[|
N

the rate

Ry < lim 1nf E

n—oo M

Ry, <E (71)

1s achievable.

case of symmetric fading statistics.

Ry, Ry <E [log (|gal* + |g” +1)] (72)

|gd\2
log| 14+ —+—
( 1+ |ge|”

Ri+ Ry <E +E log (lgal® + lgel* + 2 gal lgel + 1)]  (73)
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where Equation is obtained from Equation and Equation by setting p = 0 (note
that p = 0 yields the loosest version of outer bounds in Equation and Equation (37d)).
Similarly Equation is a looser version of outer bound Equation independent of p. The
outer bounds reduce to a pentagonal region with two non-trivial corner points (see Figure [3).
Our n-phase scheme can achieve the two corner points within 2 + 3¢ ;¢ bits/s/Hz for each user.

The proof is using logarithmic Jensen’s gap property and is deferred to Appendix [I|

A

Achievable by n phase schemes
Ry

f—b‘t//H
4.9 DILS/S VA
\

Outer bound

Ry

Figure 5. Illustration of bounds for capacity region for symmetric FF-IC. The corner points of the outer bound can be

approximately achieved by our n-phase schemes. The gap is approximately 4.5 bits/s/Hz for the Rayleigh fading case.

B. An auxiliary result: Approximate capacity of 2-tap fast Fading ISI channel

Consider the 2-tap fast fading ISI channel described by
YY) =ga(DXD+g9. )X (A-1)+Z(1), (74)

where g4 ~ CN (0, SNR) and g; ~ CN (0,INR) are independent fading known only to the
receiver and Z ~ CA(0,1). Also we assume a power constraint of E [|X |2} < 1 on the
transmit symbols. Our analysis for I?; can be easily modified to obtain a closed form approximate

expression for this channel. This gives rise to the following corollary on the capacity of fading

IST channels.

Corollary 22. The capacity Cr_js1 of the 2-tap fast fading ISI channel is bounded by

10g(1+SNR+]NR)+1 2 CF—ISI 210g(1+SNR+INR)—1—3CJg,
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where the channel fading strengths is assumed to have a logarithmic Jensen’s gap of cjq.

Proof: The proof is given in Appendix [ ]

VII. CONCLUSION

We introduced the notion of logarithmic Jensen’s gap and demonstrated that it can be used
to obtain approximate capacity region for FF-ICs. We proved that the rate-splitting schemes
for ICs [7], [6], [21], when extended to the fast fading case give capacity gap as a function
of the logarithmic Jensen’s gap. Our analysis of logarithmic Jensen’s gap for fading models
like Rayleigh fading show that rate-splitting is approximately optimal for such cases. We then
developed a scheme for symmetric FF-ICs, which can be implemented using point-to-point codes
and can approximately achieve the capacity region. An important direction to study will be to
see if similar schemes with point-to-point codes can be extended to general FF-ICs. Also our
schemes are not approximately optimal for bursty IC since it does not have finite logarithmic
Jensen’s gap, it would be interesting to study if the schemes can be extended to bursty IC and

then to any arbitrary fading distribution.

APPENDIX A

PROOF OF LEMMA [7]

We have F (w) < aw® for w € [0, ¢] where a > 0,b > 0,1 > ¢ > 0. Now using integration

by parts we get

Elmn(W)l = [ f(w)n(w) (75)

[ w)n (w) + / £ () In (w) (76)

0 €

—F @)@y~ [ P+ [ fomw )

b e Y.
> [ m@]f - [ '+ 79)
b
> ae’In (¢) — % +1n(e). (79)

Note that In (w) is negative in the range [0, 1), thus we get the desired inequalities in the last

two steps.



APPENDIX B

PROOF OF ACHIEVABILITY FOR NON-FEEDBACK CASE
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We evaluate the term in the first inner bound inequality (20a) . The other terms can be similarly

evaluated.
(XY, gu|U) 2 T (X4 V1| Ua, 1)
= h (V1| Us,g1) — b (V1] X1, U2, 1)
h (Yi|Uz, 1) = h (g11X1 + 921X + Z1| Us, g1)
= h (g1 X1+ 921 Xp2 + Z1| 1)
variance (g11X1 + 921X, + Z1| g1) = g + Ape [gaa|* + 1

(X1 Y1, g1 |Us) log (|g11]* + Ap2 |ga1|* + 1)] + log (2re)

h (Y1|X1, Uz;@) =h(guXi +gaXo + 21| Xy, U2791)

E|
(

h(921 p2 +Z1|ﬂ)
[

E [log (1 + Ap2 |g21]%)] + log (27e)

(b) 1 )
< -
<E [log (1+ INE, |go1 | )} + log (2me)

(c)
< log (2) + log (27e)

=1+ log (2me),
I (U, Uz, X151, 91) > E [log (lgua|* + A2 |gaa|* + 1)] — 1

where (a) uses independence, (b) is because Ay < 7577 s

APPENDIX C

PROOF OF OUTER BOUNDS FOR NON-FEEDBACK CASE

(80)
(81)
(82)
(83)
(84)
(85)
(86)
(87)

(88)
(89)
(90)

oD

92)

and (c) follows from Jensen’s inequality.

Note that we have the notation g = [g11, g21, 922, 912)> S1 = g12X1 + Z5, and Sy = g1 Xo + 7).

Our outer bounding steps are valid while allowing X;; to be a function of (Wl, ) thus letting

transmitters have instantaneous and future CSIT. On choosing a uniform distribution of messages

we get
n(R1 —+ 2R2 — En)

< T (WY g") +1 (WasYa',g") + 1 (Wa Yy, g")

(93)
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=T (WY g") + 1 (Wa; Y5 ") + 1 (W Y| ") (94)
< T(Wo Y STl g") + 1 (Wa Yy g") + 1 (W Y5, S| X7, g") (95)
=1 (Wi; St g") + 1 (Wi Y| SE ™) + 1 (Wa; Y3 g")

+ I (Wa; SP| XT, g") + 1 (Was Y3'| X7, 55, g") (96)
=h(ST1g") = h (STIWh, ") +h (Y| ST,g") = h (Y"|Wh, ST, g")

+h (Y3 g") — h (Y3 Wa, g") +h (S5 XT.g") — h (S5 X{', Wa, g")

+h (Y| X7, 83,9") — h (Y3 X7, W, S5, g") 97)

=h(SPg") —h(Z5) +h (Y ST, g") — h (S5 g") +h (Ys|g") —h (S7]g")

+h(S31g") = h(Z7) + h (Y5'| X7, S5, g") — h(Z3) (98)
=h (Y| S7.g") +h (Y5 g") +h (Y5 | X7, S5,9") — h(Z]) — 20 (Z3) 99)
< > [h(YailSuing") = h(Z)] + > [k (Yailg”) — b (Zas)]

+> [ (Y2i|Xu752z‘7£) —h(Zy)] (100)
— By [32 (0 (VidlS11:g") = 1 (Z)] + B [ 32 (h (Valg™) = 0 (Z20))]

By 37 (h (VX0 S0,0") — (7)) (101)
2 K log <1+yg21\2+ lgu 2) +1E [log (1 + |g1a]* + [g22]*)]

1+ |g12]
+nE |log (1 + 115’2’29L21|2>] (102)

where (a) is due to the fact that conditioning reduces entropy and (b) follows from Equations
[7, (50)], [7, (51)] and [7, (52)]. Note that in the calculation of step (b) we allow the symbols
Xii, Xo; to depend on g", but since g" is available in conditioning the calculation proceeds

similar to that in [7]].

n(Ry + Ry — ¢,) (103)
< T (Wy Y5 g") +1(Was Yy, g") (104)
=1 (WyY"g") +1 (WY g") (105)
< T (Wi Y| g") + 1 (Wa Yy, S5 XY, g") (106)
=1 (WY g") + 1 (Wa; S5 XT, g") + 1 (Was Y3'| X7, 55, g") (107)
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=h (Y"1 g") = h (Y| Wi, g") + h (S| X7, g") — h (S5 X7, Wa, g")
+h (Y XT, 55, g") — h (Y3 X7, Wa, S5, g") (108)

=h(Yg") —h (S5 g") +h(Sylg") —h(Z}) +h (Y| XT,S5,9") —h(Zy)  (109)

=h(Y{"|g") +h (Y3 X7\ S5,9") = h(Z}) = h(Z3) (110)

(a)

<Y [h(Vilg") = (Z1)] + ) [b (Yail Xi, Sai, ") — B (Z0s)] (111)

= Ey [Z (h (Vulg") = 0 (Z0)| + By [ D (0 (Vail X, S2i,9") = 0(Z0))| - (112)

() 2

< nE [log (14 |ga1|* + |gu|*)] + nE |log | 1+ LQLU (113)
1+ |goi

where (a) is due to the fact that conditioning reduces entropy and (b) again follows from

Equations [7, (51)] and [7, (52)].

APPENDIX D

PROOF OF COROLLARY [17]
Let R'y 5 be the approximately optimal Han-Kobayashi rate region of feedback IC [21] with
equivalent channel strengths SNR; := E [|g;;|°] for i = 1,2, and INR; := E [|g;;|*] for i # j.
Then for a constant ¢’ we have

This can be verified by proceeding through each inner bound equation. For example, consider
the first inner bound Equation 324 R, < E [log (|g11|* + [ga1| + 2 |p* Re (g1193,) + 1)] —1. The
corresponding equation in Ry p is Ry < log (1 4+ SNR; + INRy + 2 \p|>V/SNR; - INR, + 1)—
1. Now
E [log (lgu|” + lg21]* + 2 |p|* Re (g1193,) + 1)]
(a)
<log(l+ SNRy+ INR,) (115)

< log (1 Y SNRy + INRy +2|p]>\/SNR, - INRs + 1) (116)
where (a) is due to Jensen’s inequality and independence of gi1, go1. Also

E [log (lgun|* + |g21]” + 2 |p|* Re (g1193,) +1)]

YE [log (Ig11]* + lg21* + 2[g11| |g21] |l cos (8) +1)] (117)
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(b) 9 9
ZE[log (‘911’ + |g21] +1)} —1 (118)

©
ZlOg(SNR1+INR2+1)—1—26JG (119)
@

> log (SNR1 + INRy +2|p|> /SNR, - INR, + 1) — 2 26 (120)

where (a) is because phases of g1, g12 are independently uniformly distributed in [0, 27| yielding

Re (g11951) = |g11] |g21] cos (8) with an independent 6 ~ Unif [0, 27|, (b) is using the fact that for

(=)

p>q % fo% log (p + qcos (0)) df = log | —5—— ) > 1log(p) —1, (c) is using the logarithmic
Jensen’s gap result twice and (d) is because SNR; +INRy > 2 |p|> /SNR; - INR;. It follows
from Equations and (120)), that the first inner bound for fading case is within constant gap
with the first inner bound of the static case.

Now consider the second inner bound Equation [32b)
Ry <E[log (14 (1= p*) |g12|*)] +E [log (1 + Apa [g11]” + Apz [g21]*) ] — 2 (121)
and the corresponding equation
Ry <log (1+ (1 —|p[") INRy) +1log (1 + AnSNR; + A\pINRy) —3cjc —2  (122)
from R'5. We have
E [log (14 (1 - |,0|2) |g12|2)] +E [log (1 + A\ g1 ] + Ape |921]2)}
<log (1+ (1 —[p") INRy) +log (1 + Ay SNR; + A\ppINR,) (123)
due to Jensen’s inequality. And
E [log (1+ (1 - ]p]Q) |glg|2)} +E [log (1 + Ap g1 ]+ Ap2 |gzl|2)]
>log (1+ (1 |p|*) INRy) +log (1 + Ay SNR; + A\ INRy) — 3cy6 (124)

using the logarithmic Jensen’s gap result thrice. It follows from Equations (123]) and (124])), that
the second inner bound for fading case is within constant gap with the second inner bound of

the static case. Similarly by proceeding through each inner bound equation, it follows that
r5 C Rrp C Ripp — "

for a constant ¢”.
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APPENDIX E

PROOF OF ACHIEVABILITY FOR FEEDBACK CASE

We evaluate the term in the first inner bound inequality (33a)) . The other terms can be similarly

evaluated.
I(U, Uy, X5V, 1) & T (U, Uz, X13 Y3 g1) (125)
= h (Y1lg1) —h (Vilg, U, Us, X1) (126)
variance (Y;|g1) = variance (g1 X1 + g21X2 + Z1] 911, g21) (127)
= lgu|* + g1 + 911921 E [X7 Xo] + 91195 B[ X1 X3] + 1 (128)
= lgul” + lgzal” + 21pI" Re (1131 + 1 (129)
h (Y1|@, U, U27X1) =h (911X1 + gnXo + Z1| g1, U, Us, X1) (130)
= (921 2+Z1|ﬂ) (131)
=E [log (1 + Ap2 |g21] )] + log (2me) (132)
(2 E {log (1 b |g21]2)} + log (27e) (133)
INR,

(2 log (2) + log (27e) (134)
=1+ log (2me) , (135)
(U Uz, X13 Y1, g1) > E [log (lgua* + g1 * + 211" Re (g1195,) + 1)] — 1 (136)
where (a) uses independence, (b) is because \,; < #Rz-’ and (c) follows from Jensen’s inequality.

APPENDIX F

PROOF OF OUTER BOUNDS FOR FEEDBACK CASE

Following the methods in [21], we let E[X;XJ] = p. We have the notation g1 = [g11, g21]
> g2 = [9227912], g = [911;921,922,912], S1 = g12X1 + Zy, and Sy = g Xy + Z;. We let
E[X,X;] = p = |p|€?. All of our outer bounding steps are valid while allowing X;; to be a
function of (Wl, YL, ﬂ), thus letting transmitters have full CSIT along with feedback. On

choosing a uniform distribution of messages we get

(a)
n(Ry =) < (W7 gp) (137
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<> (h (Yilgu) = 1 (Z0)) (138)
=3 (Bau [0 (Vidlgus = 305) — (0] (139)
LBy [3 (h (Yl = 1) — 1 (20)] (140)
o Ry <E [log (|gnl” + g21” + (0951921 + pgurgs) +1)] (141)

where (a) follows from Fano’s inequality, (b) follows from the fact that conditioning reduces
entropy, and (c) follows from the fact that g1i are 1.1.d. Now we bound R; in a second way as

done in [21]]:

n(Ry—e,) <1 (Wl, ; ,gl> (142)
g[(Wl, gt Q,gz,m) (143)
=1 (Wy; 9" Wa) + 1 (Wi Y, Y5 g™, W) (144)

=041 (WY, Y3 |g", Wa) (145)

h (Y], Y g™, Wa) — h (Y, Y3 g™, Wi, Wa) (146)
= Z [ (Yai, Yailg", Wa, Y{7L Y57 ] = 3 10 (Z0) + B (Z0)] (147)
= [ (Yailg", Wo, Vi Vi) 4 3 [ (YVaslg™, Wa, Vi, Y3)]

— Y [ (Zui) + b (Zay)] (148)
= D[ (Yalg" W, Vi Y37 X9+ Y [h (Yailg™ Wa, YT Y5, 81, X5) ]

=37 0 (Z1i) + h (Za) (149)
< > [h (Yailgi Xai) = h(Za)] + > [h (Yailgs, Suiy Xai) = h(Z13)] (150)
2By | D (b (Ve Xasn g = 3) — h (Z)|

+ [Z (h (Yl Suiy Xai, gi = §) — h (ZM))} (151)

@ 2 2
Ry < Eflog (1+ (1—|p[°) |g12])] + E

2 2
log<1+ (L= Jel) lon )] (152)

L+ (1= |p*) gra)”

where (a) follows from the fact that X7 is a function of (Wg, Yyt g”) and Sy; is a function of
(Y3, X3, g"), (b) follows from the fact that conditioning reduces entropy, (c) follows from the
fact that g; are 1.i.d., and (d) follows from [21}, (43)]. The other outer bounds can be derived
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similarly following [21] and making suitable changes to account for fading as we illustrated in

the previous two derivations.

APPENDIX G

FADING MATRIX

The calculations are given in Equations (153)),(154).

E log (| Ky, (n)])]

log ((!gu (n)]* + |g21 (n)]? <|912 §n+_nlv)|R+ 1) + 1) |Ky,(n —1)]

lg11 (n — 1)|2 |g21 (”)|2 |g12 (n — 1)|2
N 1+INR |KY1(”_2)|>]

=E

(153)

>E[log((1+INR+ SNR) |Ky,(n —1)]

INR-INR n—1)?
_ 1+B\1f11; ) \Kyl(n—2)|>] — 3¢5 (154)

The first step (153), is by expanding the determinant. We use the logarithmic Jensen’s

gap property thrice in the second step (154). This is justified because the coefficients of
{lgn ()|, g1z (n — 1)|?, |ga1 (n)\Q} from Equation (I53) are non-negative (due to the fact that
all the matrices involved are covariance matrices), and the coefficients themselves are independent
of {|911 (n)|2 g1z (n — 1)’2 1921 (”)‘2} (Note that [Ky, (n — 1)| depend on |gi2 (n — 2)‘2 but

not on |gi (n — 1)|%). This procedure can be carried out n times and it follows that:

1 1 N
lim ~E [log (| Ky, (n)])] > lim = log (’Kyl(n)‘) ~ 3cse (155)

where Ky, (n) is obtained from Ky, (n) by replacing g5 (i)’s,g21 (i)’s with VINR and g11 (i)s
with V. SNR.

APPENDIX H

MATRIX DETERMINANT: ASYMPTOTIC BEHAVIOR

The following recursion easily follows:

|Au| = la] |[Ap—i] = D] [Ans) (156)
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with |A;| = |a|, | 42| = |a]*—|b|?. Also | A| can be consistently defined to be 1. The characteristic
equation for this recursive relation is given by: A\* — |a| A + |b[2 = 0 and the characteristic roots
are given by:

jal + 4/lal” — 4 o) jal —/lal* — 4 o]

5 Do = : . (157)

1

Now the solution of the recursive system is given by:

| A = AT + cA\] (158)

with the boundary conditions
l=c+c (159)
la| = c1 A1 + oA, (160)

It can be easily seen that ¢; > 0, \; > A\, > 0 since |a|* > 4 |b|* by assumption of Lemma

Now
.1 .1
lim —log (|4,|) = lim —log (1 AT + c2AY) (161)
n—oomn, n—oo 1,
.1 Ay
= lim — ( log (A7) +log | c1 + co— (162)
n—007 AT
< log (A1) (163)
jal + 4/ lal® — 418
= log (164)
2
The step (a) follows because 1 > i—f >0 and ¢; > 0.
APPENDIX I
APPROXIMATE CAPACITY USING N PHASE SCHEMES
We have the following outer bounds from Theorem [I5]
Ry, Ry < E [log (lgal” + [gc|” +1)] (165)
2
Ry + Ry < E |log (1 + %) +E [log (|gal” + 19e)* + 2194l lge| +1)] (166)
9e

The above outer bound region is a polytope with the following two non-trivial corner points:

Ry = E [log (|94l + lgel* + 1)]
R, = E [10g <1 + M)} +E [log (1 + 2|gdllgel )]

1+[ge|? 1+]gal*+lgc|?
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_ lg4l® )} [ ( 2/9a]|ge| )]
b= k& [log (1 T 1o )| T E [log (L F i riar
Ry = E [log (|gal” + |gc|* + 1)]
We can achieve these rate points within 2 + 3c;¢ bits/s/Hz for each user using the n-phase

schemes since

2
= | log(1 N INR) -2 — E |log" A 167
(RlyRQ) (Og( +S R+ R) 30JG7 Og 1+[NR ( 6 )
2

= |E [log* A log (1 N INR) -2 — 1

(Rl,RQ) ( og [1—{—[NR ,Og( + SNR + R) 3cya (68)
are achievable and since using Jensen’s inequality

E [log (|ga)* + |gel* +1)] <log(1+SNR+INR). (169)

The only important point left to verify is in the following claim.

Claim 23. E [log (1 + M)] +E [log (1 + %)} —E [logJr [1‘&1—]'\[21%” <2+4cja

1+gel® 1+[gal®+1ge

Proof: We have 2lgalloel <1 due to AM-GM inequality. Hence

lgal®+lgc|?
2 c
E {log (1 n |9d2)| 19| 2)} <1 (170)
1+ [gal” + |gcl
Also ) ,
E |log 1+L|2 <E |log 1—1—M + cja 171)
1+ g 1+ INR
using logarithmic Jensen’s gap property. Hence it only remains to show log <1 + 1|+g}i]‘5R> —
log™ [lfjﬁ R] < 1 to complete the proof.
If log™ lf]djl\jR = 0 then 1'&3‘5}3 < 1 and hence log <1 + 1'&3‘5}3) <log(2) = 1.
If log™ 1f}i]|5R > ( then 1%‘51% > 1 and hence again
lo 1+ﬂ —log* ﬁ =lo 1—1—ﬂ <1 (172)
S\UTTHINR) % |1+ INR| T gl '
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APPENDIX J

ANALYSIS FOR THE 2-TAP FADING ISI CHANNEL

We have for the outer bound

n(R—e)<I(Y"g395W) (173)
=1(Y";Wlgz,g.) (174)
=h(Y"g4,90) —h(Z") (175)
<Y h(Yi| gair ges) — 1 (Z7) (176)
(Q)ZE[log (14 Pilgal® + P ol + 210al l9:| VRP )| (7D)
<Y (B [log (1+ Pilgal* + P lge*)] + 1) (178)

where (a) is using P; as the power for i symbol and using Cauchy Schwarz inequality to bound

|E [X;X;_1]| < /P;P,_1. Now using Jensen’s inequality it follows that

R— e, <E[log (1+ |gal* + [ge*)] + 1 (179)

<log(1+SNR+INR)+1. (180)

For the inner bound similar to the scheme in subsection (VI)), using Gaussian codebooks and n

phases we obtain that

R = lim lE log (lKY—(n)’)] (181)
neon ISTIWI
is achievable where X (n) is n-length Gaussian vector with i.i.d CA (0, 1) elements and Y (n) is
generated from X (n) by the ISI channel (from Equation (74))). Here {KYD; ’ = |Kz(n)|=1
because Z is AWGN . Hence
R lim B flog (| Ky(n)]) (182)

is achievable. Hence it follows that
R>1log(1+ SNR+INR) —1—3cyq (183)

is achievable due to Lemma and Lemma
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